Abstract-The radiation impedance of a capacitive micromachined ultrasonic transducer (cMUT) with a circular membrane is calculated analytically using its velocity profile for the frequencies up to its parallel resonance frequency for both the immersion and the airborne applications. The results are verified by finite element simulations. The work is extended to calculate the radiation impedance of an array of cMUT cells positioned in a hexagonal pattern. A higher radiation resistance improves the bandwidth as well as the efficiency of the cMUT. The radiation resistance is determined to be a strong function of the cell spacing. It is shown that a center-to-center cell spacing of 1.25 wavelengths maximizes the radiation resistance, if the membranes are not too thin. It is also found that excitation of nonsymmetric modes may reduce the radiation resistance in immersion applications.
I. Introduction c apacitive micromachined ultrasonic transducers (cMUTs) offer wider bandwidth in air [1] [2] [3] [4] and in water [5] [6] [7] [8] compared with their piezoelectric alternatives due to their low mechanical impedances. The limit for the bandwidth is the parallel resonance frequency of the cMUT membrane in water, whereas the mechanical impedance of the membrane limits the bandwidth in air. In this work, the acoustic loading on the circular cMUT membranes is investigated by calculating their radiation impedances.
The mechanical impedance of a cMUT membrane in vacuum is well studied [9] . It shows successive series and parallel resonances, where force and velocity become zero, respectively [10] . When a cMUT is immersed in water, the acoustic loading on the cell is high and results in a wide bandwidth. all mechanical resonance frequencies shift to lower values because of the imaginary part of the radiation impedance. If a cMUT is used in air, the radiation impedance is rather low, and the bandwidth is limited by the mechanical Q of the membrane. It is therefore preferable to increase the radiation resistance to get a higher bandwidth in airborne applications. In addition, for the same membrane motion, a higher acoustic power is delivered to the medium, if the radiation resistance is higher. Hence, a higher radiation resistance is desirable to be able to transmit more power, because the gap limits the maximum allowable membrane motion.
The efficiency of a transducer is defined as the ratio of the power radiated to the medium to the power input to the transducer [11] . The loss in a cMUT due to the electrical resistive effects and the mechanical power lost to the substrate can be represented as a series resistance [1] . Hence, the efficiency will increase if the radiation resistance increases in both airborne and immersion cMUTs, because a smaller portion of the energy will be dissipated on the loss mechanisms such as the coupling into the substrate.
There are several approaches to model the radiation impedance of the cMUT membrane. In [12] , the radiation impedance is modeled using an equal size piston radiator. In [13] , an equivalent piston radiator with the appropriate boundary conditions is defined and its radiation impedance is used. In [14] , the radiation impedance of an array is modeled with lumped circuit elements. In [15] , the radiation impedance is calculated by subtracting the mechanical impedance of the membrane from the input mechanical impedance as computed by a finite element simulation. In [16] , cMUT is modeled with a modal expansion-based method, and the radiation impedance is calculated using that method. caronti et al. [17] calculated the radiation impedance of an array of cells performing finite element simulations with a focus on the acoustic coupling between the cells.
The radiation impedance of an array of cMUT cells is not well known. In this work, the radiation impedance of an array of cMUT cells with circular membranes is presented. First, the radiation impedance of a single cMUT cell is calculated using its velocity profile. Then, the radiation impedance of array of cMUT cells is calculated from analytical expressions and compared with those found from finite element simulations.
II. Mechanical Behavior of a circular cMUT Membrane

A. Finite Element Method (FEM) Simulations
FEM simulations are performed using ansys 1 (ansys Inc., canonsburg, pa) in water [18] [19] [20] to calculate the velocity and the pressure profiles on the surface of the cMUT membrane. as indicated in Fig. 1 , the absorbing boundary is 2λ 0 away from the membrane at the lowest operating frequency and the mesh size is λ 0 /40 at the highest operating frequency, where λ 0 is the wavelength in the operating medium. a rigid baffle is assumed. The material parameters used in the simulations can be found in Table I .
B. Velocity Profile
The velocity profile on the surface of a circular radiator can be expressed analytically using a linear combination of functions given by [21] [22] [23] v r V n r a U a r n r ms
where r is the radial coordinate, a is the radius of the radiator, and U is the unit step function; n = 0, 1, and 2 correspond to the velocity profiles of rigid piston, simply supported and clamped radiators, respectively. V rms denotes the rms velocity over the surface of the radiator given by
where S is the area of the radiator. With this definition, V rms is a complex number representing the phasor of the lumped membrane velocity and nonzero for all velocity profiles. a radially symmetric velocity profile, v(r), can be written in terms of the velocity profiles of (1) and then using the least mean square algorithm with (4) to fit the velocity distribution to the actual one.
The velocity profile of a cMUT membrane depends on f/f p , where f p is the parallel resonance frequency 2 of the membrane. This profile determined by FEM simulations can be seen in Fig. 2 for f = 0.2f p and can be approximated using (3) Table II as a function of f/f p .
C. Radiation Impedance
The radiation impedance, Z, of a transducer with a velocity profile, v(r), can be found by dividing the total power, P, at the surface of the transducer to the square of the absolute value of an arbitrary reference velocity, V [24] , [25] ,
where p(r) and v*(r) are the pressure and the complex conjugate of velocity at the radial distance r. all of the work on modeling the membranes since Mason [26] employ the average velocity, V = V ave , to represent the lumped velocity variable. This choice is problematic with some higher mode cMUT velocity profiles, because it may give V = 0 [9] resulting in an infinite radiation impedance. In this work, the reference velocity is chosen to be the root mean square velocity, V = V rms , defined above. For the velocity profile of (3), the total radiated power is 
where P nm is the power generated by v m (r) in the presence of the pressure field, p n (r) generated by v n (r). Following Greenspan [22] , P nm can be expressed in a closed form as
where ρ 0 is the density of the medium and c 0 is the speed of the sound in the medium. although A and B are constants, F 1nm and F 2nm are some functions of ka given in Table III for n,m = 2 and 4; k is the wavenumber in the immersion medium. Using (3) with n = 2 and 4 and combining with (5), (6), and (7), Z is found as
Here, R is the real part and X is the imaginary part of the radiation impedance. The real part is due to the real power radiated into the medium, whereas the imaginary part is due to the stored energy in the medium due to the sideways movements of the medium in close proximity of the membrane. The radiation impedances computed from (8) and normalized by Sρ 0 c 0 for piston and clamped radiators (with velocity profiles given by (1) for n = 0 and n = 2) can be seen in Fig. 3 as a function of ka. as ka → ∞, the mutual effects vanish and the normalized radiation resistance for both radiators converges to unity [27] , [28] . For the same case, the radiators do not generate reactive power, hence, 971 senlik et al.: radiation impedance of an array of circular cMUTs the radiation reactances of both radiators approach zero. The figure also shows the normalized radiation impedances of 3 cMUT membranes with different k p a values as computed from (8) , where k p is the wavenumber at the parallel resonance frequency. The velocity profiles corresponding to different ka values are calculated from Table II using ka/k p a = f/f p ratios. The frequencies less than the parallel resonance frequency of the cMUT membrane (ka ≤ k p a) are considered. cMUTs are similar to the clamped radiators for ka < 0.4k p a. In this range, the velocity profile of the cMUT membrane follows that of the clamped radiator. But, for ka > 0.4k p a, deviations from the clamped radiator behavior occur, especially when k p a is small and the mutual effects are significant. on the other hand, if k p a is high, the mutual effects are insignificant and R approaches that of the clamped radiator.
III. radiation Impedance of an array of cMUT cells
A. Mutual Radiation Impedance Between Two cMUT Cells
If there are several transducers in the close proximity of the each other, one can define a mutual radiation impedance between them. The mutual radiation impedance, Z ij , between ith and jth transducers is the power generated on the jth transducer due to the pressure generated by the ith transducer divided by the product of the reference velocities [25] 
Using (3) 
where Z ij nm is the mutual radiation impedance between the transducers having the velocity profiles v n (r) and v m (r), and it can be written as a double infinite summation with μ and v being the summation indices [21] 
where d ij is the distance between ith and jth transducers.
B. Radiation Impedance of an Array of cMUT Cells
The calculation of the radiation impedance of an array of cMUT cells is demonstrated with an array, where equal size cells are placed in a hexagonal pattern giving the most compact arrangement [29] . circular arrays as in 
Here, F i is the force and V i is the lumped rms velocity at the ith cell as shown in Fig. 5(a) . The LC section models the mechanical impedance of the membrane, Z m [9] . due to the symmetry, the 7-port network of a 7-cell array in Fig. 4 can be simplified to
where 
because Z 12 = Z 23 = Z 27 and Z 24 = Z 26 . The resulting equivalent circuit is depicted in Fig. 5(b) . Because the radiation impedance of each cell is different, we define a representative radiation impedance, Z r , of a single cell as
where F and V are as shown in Fig. 5 . Fig. 6 shows the representative radiation resistance of a single cell normalized by Sρ 0 c 0 in various arrays as a function of kd for cMUT cells with k p a = 2π and 4π. For kd < 5, R r of the cMUT cell shows a behavior similar to that of an array of pistons [17] except for the vertical scale. as kd increases, the positive loading on the each cell increases and R r becomes maximum at around kd = 7.5, where the loading reaches an optimum point [28] . as N increases, the maximum value of radiation resistance, R max , also increases, although the corresponding kd value, kd opt , is not significantly affected. on the other hand, as kd → ∞, the mutual effects vanish and normalized value of R r approach that of an individual cell. note that for thin membranes with k p a < 3.7, kd opt = 7.5 point is beyond the parallel resonance frequency, hence, such a maximum will not be present.
The variation of R max and kd opt is investigated by changing the distance between the cells for an array with k p a = 4π. The first peak in the radiation resistance and the corresponding kd value are taken as R max and kd opt , respectively. as depicted in Fig. 7 , a/d = 0.42 and kd opt = 7.68 define the optimum separation for N = 19. For example, at f = 100 kHz, this maximum for an airborne cMUT array is reached when d = 4.05 mm giving a = 1.7 mm. If the cMUT cell is made of a silicon membrane, then its thickness needs to be 69 µm [15] to have a mechanical resonance at 100 kHz. as shown in Fig. 7 , there is only a 3% improvement in the radiation resistance by making a/d = 0.42 rather than the most compact arrangement of a/d = 0.5. although this sparse arrangement results in a reduction in the fill factor [29] of about 30%, it may be necessary in fabricated arrays to leave space for anchors of the membrane; kd opt varies between 7.5 and 8.3, and it is nearly independent of a/d as well as N.
In this work, the radiation impedance is calculated for the radially symmetric velocity profiles. The cMUT membrane has an antisymmetric mode at 0.54f p between the series and the parallel resonance frequencies [30] . In a dense medium like water, this mode can be excited depending on the position of the cell in the array [17] . This is most pronounced for the array with N = 7, because all the outer cells experience antisymmetric loading from the neighboring cells. To investigate this effect, the radiation impedance of an array made of cells with d = 2.1a, k p a = 2.15 and 3.7 as determined by FEM simulations and calculated using (15) are plotted in Fig. 8(a) . 4 For k p a = 2.15, it is seen that there is a dip in the radiation resistance near ka = 0.54k p a = 1.16 (or kd = 2.1 × 1.16 = 2.4) corresponding to the antisymmetric mode as determined from FEM simulations, which is not predicted by (15) . The velocity profiles of the cells showing the excitation of antisymmetric mode at this frequency can be seen in Fig. 8(b) . as k p a increases, this effect is less pronounced. For k p a = 3.7, the dip is still present near kd = 2.1 × 0.54k p a = 4.2, but it is smaller. as seen in Fig. 6 , the dip is nonexistent in thicker membranes with k p a = 2π or k p a = 4π. similarly, such dips are not present for airborne transducer arrays, because antisymmetric modes are not excited.
IV. conclusions
The radiation impedance of a cMUT with a circular clamped membrane is calculated up to its parallel resonance frequency. The velocity profile of the membrane is written as a superposition of analytic velocity profiles whose weights are dependent on frequency. These profiles are used to calculate the individual and mutual radiation impedances from given expressions. radiation impedance of any combination of cells can be found by considering only 2 cells at a time. circular arrays are investigated to find the radiation resistances. It is found that the radiation resistance is a strong function of the separation of the cells. The center-to-center separation of the cells needs to be around 1.25λ 0 (kd = 7.8) for a high radiation resistance. note that the optimum cell separation may require a cMUT cell with an unusually large radius. With an increased radius, the thickness of the membrane must also be increased to preserve the resonance at the operating frequency. In this case, the gap height may have to be reduced to keep the bias voltage at an acceptable level, because an increased membrane thickness implies a higher bias voltage. The model is perfectly valid for airborne applications. However, for thin membranes with k p a < 4, the model may fail in water immersion around the antisymmetric mode.
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